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We explore the quantum metrology in an optical molecular system coupled to two environments
with different temperatures, using a quantum master equation beyond secular approximation. We
discover that the steady-state coherence originating from and sustained by the nonequilibrium condi-
tion can enhance quantummetrology. We also study the quantitative measures of the nonequilibrium
condition in terms of the curl flux, heat current and entropy production at the steady state. They
are found to grow with temperature difference. However, an apparent paradox arises considering
the contrary behaviors of the steady-state coherence and the nonequilibrium measures in relation
to the inter-cavity coupling strength. This paradox is resolved by decomposing the heat current
into a population part and a coherence part. Only the latter, coherence heat current, is tightly
connected to the steady-state coherence and behaves similarly with respect to the inter-cavity cou-
pling strength. Interestingly, the coherence heat current flows from the low-temperature reservoir to
the high-temperature reservoir, opposite to the direction of the population heat current. Our work
offers a viable way to enhance quantum metrology for open quantum systems through steady-state
coherence sustained by the nonequilibrium condition, which can be controlled and manipulated to
maximize its utility. The potential applications go beyond quantum metrology and extend to areas
such as device designing, quantum computation and quantum technology in general.
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2I. INTRODUCTION
As part of the emerging field of quantum technology [1], quantum metrology aims to make high precision mea-
surements of physical parameters by exploiting the quantum nature of a system. In recent years, there has been
growing interest in the quantum metrology of various physical systems, including interacting spin systems [2–4], cold
atoms [5] and quantum gases [6], to name but a few. A central quantity in quantum metrology is the quantum Fisher
information (QFI), the inverse of which, according to the quantum Crame´r-Rao theorem, gives a lower bound on the
variance of any unbiased estimator of a parameter [7, 8]. The use of QFI is not limited to quantum metrology, but
also extends to other aspects of quantum physics, such as quantum cloning [9, 10], entanglement detection [11–13]
and quantum phase transition [14, 15]. In principle, quantum resources, such as coherence and entanglement, may
be employed to enhance quantum metrology beyond the classical shot-noise limit [16–18]. However, in practice, due
to the inevitable interactions with the surrounding environment, most quantum systems quickly lose their quantum
features through the decoherence process [19, 20], thus limiting the efficiency and application of quantum metrology.
Recently, it has been proposed that stable quantum features, such as steady-state coherence [21–24] and steady-state
entanglement [25, 26], may exist in open quantum systems interacting with nonequilibrium environments that sustain
quantum nonequilibrium steady states [27–29]. Such nonequilibrium environments can be bosonic or fermionic, with
different temperatures and/or chemical potentials. The surviving quantum features are essentially sustained by the
nonequilibrium condition (temperature difference and/or chemical potential difference) in the environments interacting
with the quantum system [21–26]. In a certain sense, these quantum features do not only survive, but also thrive,
in the noisy nonequilibrium environments, as they are actually born out of the interactions with the nonequilibrium
environments. In contrast to their overprotected counterparts in isolated quantum systems that wither away the
moment they make contact with the outside world [19, 20], these steady-state quantum features grown up in the
jungle of nonequilibrium environments are immune to decoherence [21–26]. This makes them valuable assets to
quantum metrology and quantum technology in general. In particular, steady-state coherence may be utilized to
enhance QFI and thus benefit quantum metrology.
Another important characteristic of these open quantum systems in nonequilibrium environments is the presence
of steady-state currents [21–24, 27–29], associated with the continuous exchange of matter, energy or information
between the system and the environments at the steady state. On the dynamical level, the steady-state current is
manifested as a probability curl flux that signifies the breaking of detailed balance and time reversal symmetry at
the steady state [21–23]. On the thermodynamic level, it is represented by the heat current (or particle flow) at
the steady state arising from the temperature difference (or chemical potential difference), which has been widely
used to design thermal transport devices [30], such as thermal transistor [31], diode [32] and rectification [33, 34].
Connected to the heat current at the steady state is the entropy production rate (EPR) which serves as a quantifier
of the amount of detailed balance breaking and time irreversibility [21–23, 35–38]. Moreover, it has been suggested
that steady-state coherence and steady-state current may be closely related to each other [21, 24]. Therefore, it is
also important to investigate the quantitative connection between nonequilibrium transport processes associated with
heat currents [39–41] and quantum metrology enhanced by steady-state coherence.
In this paper, we investigate the above issues by studying an optical molecule composed of two linearly coupled
degenerate single-mode cavities [42, 43], which is immersed in two reservoirs with different temperatures, each in
contact with a cavity. The nonequilibrium nature of the environments is signified by the temperature difference of
the two reservoirs. We show that a residual steady-state coherence emerges which is sustained by the nonequilibrium
condition, by solving the quantum master equation (QME) beyond secular approximation at the steady state. We
find that the steady-state coherence augments the QFI and can effectively enhance the quantum metrology when
the inter-cavity coupling is not too strong. Furthermore, we quantify the nonequilibrium measures in terms of the
curl flux, heat current and EPR. These nonequilibrium measures are found to grow with temperature difference as
anticipated. However, a paradox seems to emerge as the steady-state coherence and the nonequilibrium measures
display opposite trends with respect to the inter-cavity coupling strength. We resolve this paradox by showing that
the heat current can be decomposed into a population component and a coherence component. Only the latter part
of the heat current is closely tied to the steady-state coherence and shows similar behaviors in relation to the inter-
cavity coupling strength. Curiously, we find this coherence heat current flows from the low-temperature reservoir to
the high-temperature reservoir, but does not violate the second law of thermodynamics when the population heat
current is also considered.
The rest of the paper is organized as follows. In Sec. II, we present the model studied and derive the QME beyond
secular approximation. In Sec. III, we solve the steady state of the QME and show that steady-state coherence can be
used to enhance quantum metrology. In Sec. IV, we quantify the nonequilibrium measures in terms of the curl flux,
heat current and EPR. In Sec. V, we resolve the apparent paradox through the decomposition of the heat current.
Finally, some remarks on experimental realization and conclusion are given in Sec. VI.
3II. MODEL AND QME
The optical-molecular system under consideration is schematically shown in Fig. 1(a). The two coupled identi-
cal single-mode cavities are immersed, respectively, in their own reservoirs with different temperatures. The total
Hamiltonian of the system plus reservoirs reads H = Hs +HB +HI , where (natural unit ~ = 1 is used throughout)
Hs = ω(a
†a+ b†b) + λ(a†b+ ab†), (1a)
HB =
∑
k
ωckc
†
kck +
∑
k
ωdkd
†
kdk, (1b)
HI =
∑
k
gk(a
†ck + ac
†
k) +
∑
k
fk(b
†dk + bd
†
k). (1c)
Here Hs is the Hamiltonian for the optical molecule, describing two degenerately coupled cavity modes with anni-
hilation operators a and b, respectively. The parameter ω is the resonant frequency and λ is the inter-cavity coupling
strength. HB is the free Hamiltonian of the reservoirs, where ck(dk) is the annihilation operator of the kth bosonic
reservoir mode in contact with cavity a(b), and ωck(dk) is the corresponding frequency. HI is the interaction Hamil-
tonian between the optical molecule and the reservoirs, where gk and fk are the coupling strengths between the kth
mode in the reservoirs and the cavity mode a and b, respectively. We assume that λ, gk and fk are all real.
The Hamiltonian Hs can be diagonalized as Hs = ωAA
†A + ωBB†B, by introducing the global operators A =
(a+ b)/
√
2 and B = (a− b)/√2 that represent two supermodes, where ωA = ω + λ and ωB = ω − λ. In terms of the
operators A and B, the system-reservoir interaction Hamiltonian can be reformulated as
HI =
1√
2
∑
k
gk[(A
† +B†)ck + (A+B)c
†
k] +
1√
2
∑
k
fk[(A
† −B†)dk + (A−B)d†k]. (2)
In the interaction picture with the free Hamiltonian H0 = Hs +HB, we have
HI(t) = V
−
C (t) + V
+
C (t) + V
−
D (t) + V
+
D (t), (3)
where V −C (t) = [V
+
C (t)]
† = 1√
2
∑
k gk(A
†eiωAt + B†eiωBt)cke−iωckt, V −D (t) = [V
+
D (t)]
† = 1√
2
∑
k fk(A
†eiωAt −
B†eiωBt)dke−iωdkt.
Under the Born-Markov approximation, the QME in the interaction picture reads [19]
dρI
dt
= −
∫ ∞
0
dsTrB[HI(t), [HI(t− s), ρI(t)⊗ ρB]], (4)
where ρI is the reduced density operator of the system in the interaction picture, ρB is the density operator of the
reservoirs (each reservoir remains at its thermal equilibrium state under the Born approximation), and TrB denotes
the partial trace with respect to the degrees of freedom of the reservoirs.
Going back to the Schro¨dinger picture, without making the secular approximation, we finally arrive at the QME
for the reduced density operator of the system
dρ
dt
= −i[Hs, ρ] +D0[ρ] +Ds[ρ], (5)
where
D0[ρ] = η
A
+(2A
†ρA− ρAA† −AA†ρ) + ηB+(2B†ρB − ρBB† −BB†ρ)
+ ξA+(2AρA
† − ρA†A−A†Aρ) + ξB+ (2BρB† − ρB†B −B†Bρ), (6)
and
Ds[ρ] = (η
A
− + η
B
−)A
†ρB − ηA−BA†ρ− ηB−ρBA† + h.c.
+ (ξA− + ξ
B
− )BρA
† − ξA−ρA†B − ξB−A†Bρ+ h.c.. (7)
In the above, we have defined η
A(B)
± := η±(ωA(B)) and ξ
A(B)
± := ξ±(ωA(B)), where
η±(ω) :=
1
2
[γa(ω)Na(ω)± γb(ω)Nb(ω)], ξ±(ω) := 1
2
{γa(ω)[Na(ω) + 1]± γb(ω)[Nb(ω) + 1]}. (8)
4FIG. 1. (Color online) (a) The schematic representation of an optical molecule consisting of two coupled identical single-mode
cavities, each interacting with its own reservoir with a different temperature (Ta < Tb).(b) The energy-level diagram in the
supermode representation.
Here γa(ω) = pi
∑
k g
2
kδ(ω−ωck) and γb(ω) = pi
∑
k f
2
kδ(ω−ωdk) are the spectral densities of the reservoirs in contact
with cavity a and b, respectively. Nα(ω) := [exp(ω/Tα) − 1]−1(α = a, b and kB = 1 in natural units) is the Planck
distribution for the reservoirs, describing the average Bose occupation number on frequency ω at temperature Tα
in the reservoir. For simplicity, we shall assume that the spectra of the reservoirs are frequency independent and
restrict ourselves to the balanced coupling regime, that is, γa(ω) = γb(ω) = γ. As a result, η+(ω) = γN+(ω),
ξ+(ω) = γ[N+(ω) + 1], and η−(ω) = ξ−(ω) = γN−(ω), where N±(ω) := [Na(ω) ± Nb(ω)]/2. We also introduce the
short notations N
A(B)
± := N±(ωA(B)), so that η
A(B)
+ = γN
A(B)
+ , ξ
A(B)
+ = γ(N
A(B)
+ +1), and η
A(B)
− = ξ
A(B)
− = γN
A(B)
− .
The dissipation terms in Eqs. (6) and (7) represent second order processes. The dissipatorD0[ρ] describes the process
of the supermode A or B absorbing an energy quantum in the reservoirs, and emitting it back to the reservoirs by
the same supermode. The dissipator Ds[ρ], on the other hand, is associated with the absorption and emission of the
energy quantum completed by different supermodes. Since the two supermodes are carrying different frequencies, i.e.,
ωA 6= ωB, the dissipator Ds[ρ] is often considered as terms with high frequency and thus neglected by performing the
so-called “secular approximation” [30–33]. In the equilibrium situation Ta = Tb, the secular approximation does give
a reasonable result. More specifically, for balanced coupling (γa(ω) = γb(ω) = γ), the equilibrium condition Ta = Tb
yields exactly vanishing Ds[ρ]. This is because, according to Eq. (8), parameters with a negative subscript (η
A(B)
−
and ξ
A(B)
− as well as N
A(B)
− ) vanish exactly at equilibrium with Ta = Tb. However, in nonequilibrium environments
for reservoirs with different temperatures (Ta 6= Tb), the secular approximation will disregard the dissipator Ds[ρ]
that can induce important quantum effects, such as steady-state coherence [21–24], as will be shown in a moment.
Therefore, in our treatment the dissipator Ds[ρ] is retained without performing the secular approximation.
III. QUANTUM METROLOGY ENHANCED BY STEADY-STATE COHERENCE
A. Steady State of the QME
We have obtained the QME beyond the secular approximation by taking the dissipator Ds[ρ] into account. A
direct consequence is the presence of steady-state quantum coherence in the nonequilibrium regime. For simplicity,
we restrict ourselves to the subspace of zero and single photon excitations, which is reasonable at low temperatures.
This subspace is spanned by three basis vectors {|g〉 := |0, 0〉, |e〉 := |1, 0〉, |f〉 := |0, 1〉}, where |m,n〉 := |m〉A ⊗ |n〉B.
In this subspace, we have A = |g〉〈e|, B = |g〉〈f |, and Hs = ωA|e〉〈e|+ωB|f〉〈f |. The energy-level diagram is sketched
5in Fig. 1(b). The QME for the density matrix elements in the subspace reads
d
dt
ρgg = −2γ(NA+ +NB+ )ρgg + 2γ(NA+ + 1)ρee + 2γ(NB+ + 1)ρff + γ(NA− +NB− )(ρcohfe + ρcohef ), (9a)
d
dt
ρee = 2γN
A
+ρgg − 2γ(NA+ + 1)ρee − γNB− (ρcohfe + ρcohef ), (9b)
d
dt
ρff = 2γN
B
+ ρgg − 2γ(NB+ + 1)ρff − γNA− (ρcohfe + ρcohef ), (9c)
d
dt
ρcohef = γ(N
A
− +N
B
− )ρgg − γNA−ρee − γNB− ρff −
[
i(ωA − ωB) + γ(NA+ +NB+ + 2)
]
ρcohef , (9d)
d
dt
ρcohge =
[
iωA − γ(2NA+ +NB+ + 1)
]
ρcohge − γNB− ρcohgf , (9e)
d
dt
ρcohgf =
[
iωB − γ(2NB+ +NA+ + 1)
]
ρcohgf − γNA−ρcohge . (9f)
The superscript “coh” has been used to indicate coherence of the quantum system represented by the off-diagonal
elements of the density matrix.
We notice that, in the above set of equations, two coherence variables, ρcohge and ρ
coh
gf , are decoupled from the rest
of the variables. However, the coherence variable ρcohef is coupled, in the nonequilibrium regime, to the populations in
the density matrix, ρii (i = g, e, f), as a result of the dissipator Ds[ρ]. Consequently, in the long time limit when the
steady state is reached, the steady-state density matrix has the form
ρss =

 ρ
ss
gg 0 0
0 ρssee ρ
coh
ef
0 ρcoh∗ef ρ
ss
ff

 , (10)
where the superscript “ss” has been used to indicate steady-state populations, but not for the steady-state coherence
ρcohef as that will complicate the notation too much. The steady-state coherence ρ
coh
ef is in general nonvanishing in the
nonequilibrium regime (Ta 6= Tb) due to its coupling with the populations that arises from the dissipator Ds[ρ].
Moreover, we have obtained the analytical expressions of the steady-state density matrix elements. (The method
of obtaining this analytical solution is outlined in Appendix B.) The steady-state populations are given by


ρssgg =
[
(NA+ + 1)(N
B
+ + 1)− (NA+ +NB+ + 2)NA−NB−R
]
/N
ρssee =
[
NA+ (N
B
+ + 1)− (NA+ +NB+ + 1)NA−NB−R − (NB− )2R
]
/N
ρssff =
[
NB+ (N
A
+ + 1)− (NA+ +NB+ + 1)NA−NB−R − (NA− )2R
]
/N
, (11)
and the steady-state coherence reads
ρcohef =
NA− (N
B
+ + 1) +N
B
− (N
A
+ + 1)
N [(NA+ +NB+ + 2) + i(ωA − ωB)/γ]
. (12)
In the above, R has the expression
R =
(NA+ +N
B
+ + 2)
(NA+ +N
B
+ + 2)
2 + [(ωA − ωB)/γ]2 (13)
and N is a normalization factor fixed by the condition ρssgg + ρssee + ρssff = 1 (explicit expression given in Appendix A).
It is instructive to examine the steady-state solution at equilibrium with Ta = Tb = T . Notice that at equilibrium
we have NA− = N
B
− = 0 and N
A(B)
+ = N
A(B)
a = N
A(B)
b := N
A(B). Immediately, we see from Eq. (12) that
the steady-state coherence vanishes, i.e., ρcohef = 0 at equilibrium, due to the vanishing factors N
A
− and N
B
− at
equilibrium. Furthermore, Eq. (11) shows that the equilibrium populations are given by ρeqgg = (N
A+1)(NB+1)/N ,
ρeqee = N
A(NB + 1)/N , ρeqff = NB(NA + 1)/N , where the subscript “eq” indicates equilibrium. Alternatively, we
have ρeqee/ρ
eq
gg = N
A/(NA + 1) = e−ωA/T and ρeqff/ρ
eq
gg = N
B/(NB + 1) = e−ωB/T . These results agree with the
thermal-state density operator ρeq = Z
−1 exp{−Hs/T } for the system in contact with an equilibrium reservoir.
In the nonequilibrium regime with Ta 6= Tb, the steady-state coherence ρcohef is in general nonvanishing, stable
against decoherence as it is essentially sustained by the nonequilibrium condition. The nonequilibrium condition
60 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0
5
10
∆T/ω
F
λ
(ω
−
2
)
 
 0
0.05
0.1
|ρ
co
h
ef
|
λ = 0.1ω
λ = 0.2ω
λ = 0.4ω
FIG. 2. (Color online) (a) The steady-state coherence |ρcohef | as a function of temperature difference ∆T . (b) The QFI Fλ as a
function of temperature difference ∆T . The parameters are set as γ = 0.1ω, Ta = 0.2ω.
indicated by Ta 6= Tb is manifested in the steady-state coherence through the nonvanishing factors NA− and NB− given
that N
A(B)
− = (N
A(B)
a − NA(B)b )/2 = {[exp(ωA(B)/Ta) − 1]−1 − [exp(ωA(B)/Tb) − 1]−1}/2. (Note that NA− and NB−
are also implicit in the normalization factor N .) We could also use the temperature difference ∆T := |Tb − Ta| to
characterize the strength of the nonequilibrium condition (i.e., the degree of ‘nonequilibriumness’). The magnitude of
the steady-state coherence can be quantified by |ρcohef | (the modulus of ρcohef ). Considering that the magnitude of NA(B)−
increases with the temperature difference, Eq. (12) suggests that the magnitude of the steady-state coherence also
grows with the temperature difference at least when ∆T is not too large. In Fig. 2(a), |ρcohef | is plotted as a function
of the temperature difference ∆T (with Ta fixed), for different inter-cavity coupling strength λ. As can be seen, the
steady-state coherence increases with ∆T for fixed λ, in the parameter regime considered. One can also see that,
for fixed ∆T , the steady-state coherence decreases with the inter-cavity coupling strength λ. Since λ characterizes
the energy-splitting between the supermodes [as shown in Fig. 1(b)], a larger λ naturally corresponds to a smaller
coherence.
B. Quantum Fisher Information
As a potential application of the steady-state coherence sustained by the nonequilibrium condition, we investigate
how it can assist with quantum metrology characterized by QFI. The inverse of QFI gives a lower bound on the
variance of any unbiased estimator of a physical parameter θ [7, 8]. For a general quantum state described by the
density matrix ρ(θ), with the spectral decomposition ρ =
∑M
i pi|ψi〉〈ψi| (where M denotes the number of nonzero
pi), the QFI is given by [44–46]
Fθ =
M∑
i=1
(∂θpi)
2
pi
+ 4
M∑
i=1
pi〈∂θψi|∂θψi〉 −
M∑
i,j=1
8pipj
pi + pj
|〈ψi|∂θψj〉|2. (14)
A point probably worth mentioning is that a parameter-dependent phase change in the eigen-state |ψ′i〉 = eifi(θ)|ψi〉
would not alter the end result of Fθ in Eq. (14) considering that the eigen-states are orthonormal.
For our system, direct calculation gives the spectral decomposition of the steady-state density matrix in Eq. (10),
7with the eigen-values and eigen-vectors given by
p1 = ρ
ss
gg, |ψ1〉 = |g〉, (15)
p2 = (ρ
ss
ee + ρ
ss
ff )/2 +
√
(ρssee − ρssff)2/4 + |ρcohef |2, |ψ2〉 = cos
α
2
eiφ|e〉+ sin α
2
|f〉, (16)
p3 = (ρ
ss
ee + ρ
ss
ff )/2−
√
(ρssee − ρssff)2/4 + |ρcohef |2, |ψ3〉 = sin
α
2
eiφ|e〉 − cos α
2
|f〉, (17)
where
α = arctan[2|ρcohef |/(ρssee − ρssff )], φ = arg(ρcohef ). (18)
Notice that α and φ are both dependent on the steady-state coherence which vanishes at equilibrium.
Taking the inter-cavity coupling strength λ as the estimated physical parameter, we obtain, according to Eq. (14),
the QFI with the following expression
Fλ =
3∑
i=1
(∂λpi)
2
pi
+
(p2 − p3)2
p2 + p3
[
(∂λα)
2 + (∂λφ)
2 sin2 α
]
. (19)
The first term in Eq. (19) represents the classical part of the QFI, which is contributed only by the diagonal elements
of the density matrix (in its spectral decomposition representation). The second term results from the contribution
of the steady-state quantum coherence (through α and φ) sustained by the nonequilibrium condition. This term
vanishes at equilibrium since vanishing steady-state coherence at equilibrium (ρcohef = 0) leads to α = 0 according to
Eq. (18), resulting in ∂λα = 0 and sinα = 0 in Eq. (19). Notice that this second term arising from the steady-state
coherence is non-negative (typically positive under nonequilibrium conditions). It implies that under nonequilibrium
conditions the steady-state coherence in general makes a positive contribution to (i.e., increases) the QFI on top of
its classical part. Therefore, one could expect a close connection (not necessarily a simple one though) between the
steady-state coherence and the QFI in relation to the nonequilibrium condition and the physical parameter estimated
(the inter-cavity coupling strength in this case).
In Fig. 2(b), Fλ is plotted as a function of ∆T for different λ. We can see that the temperature difference measuring
the degree of nonequilibriumness is able to enhance the QFI under certain conditions. This enhancement effect is
especially prominent when the inter-cavity coupling is weak (e.g., λ = 0.1ω, blue line). In this weak inter-cavity
coupling regime, the QFI behaves qualitatively similar to the steady-state coherence, monotonically increasing with
the temperature difference. As the inter-cavity coupling grows stronger (e.g., λ = 0.2ω, red line), this enhancement
effect, however, becomes less prominent, even though the QFI still increases monotonically with the temperature
difference in the parameter regime considered. For λ = 0.4ω (green line), the QFI almost stays constant as ∆T
is increased. Numerical values indicate that it actually increases a little first and then decreases slowly as ∆T is
further increased, displaying a non-monotonic behavior in the parameter regime. This reflects the complexity of the
interplay between the QFI and the steady-state coherence in relation to the nonequilibrium condition and the physical
parameter estimated.
Taken together, what we can say in this case is that, in the relatively weak inter-cavity coupling regime, the steady-
state coherence sustained by the nonequilibrium condition is an effective booster of the QFI, capable of enhancing
quantum metrology with a higher precision of parameter estimation. Thus one can manipulate the nonequilibrium
condition to effectively augment quantum metrology through the steady-state coherence in the weak inter-cavity
coupling regime. It is worth noting that, from a practical perspective of parameter estimation, weak inter-cavity
coupling is probably also the most relevant regime, since its value is typically much more difficult to estimate due
to its weakness. Our results indicate that, particularly in this regime, manipulating the nonequilibrium condition is
capable of improving the precision of its estimation through QFI enhanced by steady-state coherence. In the next
section we investigate the nonequilibrium measures of the system in terms of the curl flux, heat current and EPR at
the steady state.
IV. CURL FLUX, HEAT CURRENT AND EPR
A. Circulating Curl Flux
The QME can also be reformulated in a vector-matrix form, |ρ˙〉 = M|ρ〉, by writing the elements of the density
matrix as a vector and the dynamical generator as a matrix. More specifically, the vector |ρ〉 has the form |ρ〉 =
(ρp, ρc)
T , where ρp is a vector representing the population component (diagonal elements of the density matrix) and ρc
8is a vector representing the coherence component (off-diagonal elements of the density matrix). Then the dynamical
generator M takes on a block matrix form, and the QME has the following form
(
ρ˙p
ρ˙c
)
=
( Mp Mpc
Mcp Mc
)(
ρp
ρc
)
. (20)
For our particular system, in the basis of the energy eigenstates {|g〉, |e〉, |f〉}, we have the population component
ρp = (ρgg, ρee, ρff )
T and the coherence component ρc = (ρ
coh
ef , ρ
coh
fe )
T . (Note that in the coherence component we have
excluded the other two coherence elements ρcohge and ρ
coh
gf as well as their complex conjugates, since their dynamics is
decoupled from the rest according to Eq. (9) and is of no particular interest.) The matrix M as well its four blocks
can be directly read off from Eq. (9).
Under suitable conditions (namely, all eigenvalues ofM have negative real parts except one simple zero eigenvalue),
the QME has a unique steady state |ρss〉 that will be reached in the long time limit. At the steady state, we can
eliminate the coherence component ρssc to arrive at a steady-state equation for the population component only [21–23]
(Mp −MpcM−1c Mcp)ρssp = 0. (21)
Formally, it resembles a classical master equation for the steady state. One can introduce a transfer matrix T defined
as Tmn = 0 for m = n and Tmn = Anmρssp;m for m 6= n, where A = Mp −MpcM−1c Mcp. The expressions of the
matrix elements of A for our particular system are given in Appendix B.
The transfer matrix T associated with the population dynamics can be further decomposed into two parts with
different meanings [21–23]. For our system this decomposition reads
T =

 0 Aegρ
ss
gg Agfρssff
Aegρssgg 0 Afeρssee
Agfρssff Afeρssee 0

+ Jcurl

 0 0 11 0 0
0 1 0

 , (22)
where
Jcurl = Ageρssee −Aegρssgg = Afgρssgg −Agfρssff = Aefρssff −Afeρssee. (23)
The equivalence of these expressions for Jcurl is guaranteed by the steady-state equation for the population compo-
nent, Eq. (21), and the property that the column elements of the matrix A sum to zero resulting from probability
conservation (this property can be verified from the expression of A in Appendix A).
The first part of the transfer matrix in Eq. (22) is associated with the equilibrium reversal dynamics driven by
the steady-state population landscape that satisfies the detailed balance condition indicating time reversibility. The
second part is associated with the nonequilibrium irreversible dynamics driven by the curl flux circulating in a loop [see
Fig. 3(a) for an illustration] that breaks detailed balance and time reversal symmetry. The nonequilibrium population
dynamics is thus driven by both the steady-state population landscape and the circulating curl flux.
The circulating nature of the curl flux Jcurl is clear from the equivalence of its three expressions in Eq. (23). Its
connection to the nonequilibrium condition can be seen as follows. Noticing that Aef and Afe in the last expression
of Jcurl in Eq. (23) have simple forms (see Appendix A), we obtain the following expression for the curl flux
Jcurl = 2γR
[
(NB− )
2ρssff − (NA− )2ρssee
]
. (24)
In this expression NA− and N
B
− are directly tied to the nonequilibrium condition Ta 6= Tb since they vanish at
equilibrium. Thus we see immediately that the curl flux Jcurl also vanishes at equilibrium when Ta = Tb. Under
nonequilibrium conditions the curl flux Jcurl is generally nonvanishing, circulating in a directed loop among the three
states. In Fig. 3(b), we plot the curl flux Jcurl as a function of ∆T for different λ. It can be seen that the curl
flux increases monotonously with the temperature difference in the parameter regime considered. The nonequilibrium
condition is thus manifested in the curl flux that drives the circulation dynamics among the populated states.
B. Heat Current and Entropy Production
In addition to the curl flux driving the circulation dynamics, the nonequilibrium nature of the system also leads to
nonvanishing heat current and EPR (entropy production rate) at the steady state, reflecting steady-state transport
features. To investigate the heat current associated with each reservoir in contact with the system, we rearrange the
dissipators in the QME according to individual reservoir labels, so that we have D[ρ] = D0[ρ]+Ds[ρ] = Da[ρ]+Db[ρ].
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FIG. 3. (Color online) (a) A schematic representation of the curl flux, with the arrows indicating the direction of its circulation.
(b) The curl flux Jcurl as a function of temperature difference ∆T . (c) The heat current Jb as a function of temperature difference
∆T . (d) The EPR as a function of temperature difference ∆T . The parameters are set as γ = 0.1ω, Ta = 0.2ω.
HereDa[ρ] andDb[ρ] represent the effect of the reservoirs in contact with cavity a and b, respectively. Their expressions
are given by
Da[ρ] =
γ
2
NAa [2A
†ρA− ρAA† −AA†ρ] + γ
2
NBa [2B
†ρB − ρBB† −BB†ρ]
+
γ
2
(NAa + 1)[2AρA
† − ρA†A−A†Aρ] + γ
2
(NBa + 1)[2BρB
† − ρB†B −B†Bρ]
+
γ
2
(NAa +N
B
a )A
†ρB − γ
2
NAa BA
†ρ− γ
2
NBa ρBA
† + h.c.
+
γ
2
(NAa +N
B
a + 2)BρA
† − γ
2
(NAa + 1)ρA
†B − γ
2
(NBa + 1)A
†Bρ+ h.c.,
(25a)
Db[ρ] =
γ
2
NAb [2A
†ρA− ρAA† −AA†ρ] + γ
2
NBb [2B
†ρB − ρBB† −BB†ρ]
+
γ
2
(NAb + 1)[2AρA
† − ρA†A−A†Aρ] + γ
2
(NBb + 1)[2BρB
† − ρB†B −B†Bρ]
− γ
2
(NAb +N
B
b )A
†ρB +
γ
2
NAb BA
†ρ+
γ
2
NBb ρBA
† + h.c.
− γ
2
(NAb +N
B
b + 2)BρA
† +
γ
2
(NAb + 1)ρA
†B +
γ
2
(NBb + 1)A
†Bρ+ h.c..
(25b)
In the subspace spanned by {|g〉, |e〉, |f〉}, the dissipators above have more explicit expressions, which will be discussed
in the next section.
The heat current Ji = Q˙i (i = a, b) that flows from the reservoir into the system at the steady state can then be
derived as Ji = Tr{Di[ρss]Hs} [30–33, 47]. Direct calculation gives (see also next section)
Ja = γωA
[
NAa ρ
ss
gg − (NAa + 1)ρssee − (NBa + 1)Re(ρcohef )
]
+ γωB
[
NBa ρ
ss
gg − (NBa + 1)ρssff − (NAa + 1)Re(ρcohef )
]
, (26a)
Jb = γωA
[
NAb ρ
ss
gg − (NAb + 1)ρssee + (NBb + 1)Re(ρcohef )
]
+ γωB
[
NBb ρ
ss
gg − (NBb + 1)ρssff + (NAb + 1)Re(ρcohef )
]
, (26b)
where Re(ρcohef ) represents the real part of the steady-state coherence. Notice that at the steady state the heat current
flowing into the system from one reservoir should balance out the heat current flowing out of the system into the
other reservoir in order to maintain the steady state. In other words, we have Ja+ Jb = 0, which can be verified from
the expressions in Eq. (26) and the steady-state QME [specifically, Eqs. (9b) and (9c) at the steady state].
One can also verify that at equilibrium with Ta = Tb, we have Ja = Jb = 0, considering that N
A(B)
a = N
A(B)
b =
NA(B), ρeqee/ρ
eq
gg = N
A/(NA + 1), ρeqff/ρ
eq
gg = N
B/(NB + 1), and ρcohef = 0 at equilibrium. In other words, the heat
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current vanishes at equilibrium as expected. At the nonequilibrium steady state with Ta 6= Tb, the heat current
does not vanish; there is a continuous heat flow through the system from the high-temperature reservoir to the low-
temperature reservoir. In Fig. 3(c), the heat current Jb is plotted as a function of temperature difference ∆T (=
Tb − Ta > 0) for different λ. As one can see, the heat current increases as the temperature difference of the two
reservoirs is increased.
At the steady state the EPR generated in the system balances out the rate of entropy flow out of the system,
resulting in the expression EPR = −(Jb/Tb + Ja/Ta) [21–23, 48]. The negative sign in front comes from the fact
that the heat currents are defined as those flowing into the system. Taking into account Ja + Jb = 0, we have
EPR = (1/Ta − 1/Tb)Jb, where Jb is given in Eq. (26b). Obviously, EPR vanishes at equilibrium with Ta = Tb,
indicating the reversible nature of the equilibrium steady state. In Fig. 3(d), EPR is plotted as a function of
temperature difference for different λ. As can be seen, EPR increases with the temperature difference of the two
reservoirs that characterizes the degree of nonequilibriumness. Such behaviors of EPR and heat current in relation to
temperature difference can be well anticipated from a thermodynamic point of view.
From a physical perspective, detailed balance breaking indicating time irreversibility at the nonequilibrium steady
state is reflected in the heat current flowing through the system and the nonvanishing EPR as a consequence of
the temperature difference of the two reservoirs that is maintained at constant. Just like the power of a battery
(arising from the electromotive force) eventually runs out, the temperature difference of reservoirs, in reality, also
diminishes without maintenance. This leads to the energy cost in maintaining the nonequilibrium steady state of
open quantum systems and its potentially beneficial properties such as steady-state quantum coherence and enhanced
quantum metrology. To put it another way, energy supply and cost can be used to fight against environment-induced
decoherence and deterioration of metrology, by maintaining a nonequilibrium steady state with quantum features that
are robust in the interaction with the environments.
V. HEAT CURRENTS FOR POPULATION AND COHERENCE
A seemingly paradoxical result emerges when one examines how the various quantities in Fig. 2 and Fig. 3 behave
in relation to the inter-cavity coupling strength λ. More specifically, with the increase of λ, the steady-state coherence
(also the QFI in certain parameter regimes) decreases as seen in Fig. 2. In contrast, the nonequilibrium measures,
including the curl flux, heat current and EPR, all increase with λ shown in Fig. 3. Given that the steady-state
coherence arises from the nonequilibrium condition, one would expect that it is tightly connected to the nonequilibrium
measures (the curl flux, heat current and EPR). Thus the contrasting behaviors of the steady-state coherence and the
nonequilibrium measures in relation to the inter-cavity coupling appear to be perplexing.
To unravel the mystery behind this seemingly counter-intuitive result, we track the heat current in and out of the
system at a more detailed level. More specifically, we separate the heat current into a population component and a
coherence component. To this end, we further divide the dissipator associated with each reservoir in Eq. (25) into two
parts, Di[ρ] = D
(p)
i [ρ]+D
(c)
i [ρ] (i = a, b), where D
(p)
i [ρ] and D
(c)
i [ρ] are the dissipators associated with population and
coherence, respectively. In the subspace spanned by {|g〉, |e〉, |f〉}, with A = |g〉〈e| and B = |g〉〈f |, the expressions of
D
(p)
i [ρ] and D
(c)
i [ρ] are given more explicitly by
D(p)a [ρ] =
γ
2
NAa L1[ρ] +
γ
2
NBa L2[ρ] +
γ
2
(NAa + 1)L3[ρ] +
γ
2
(NBa + 1)L4[ρ], (27a)
D(c)a [ρ] =
γ
2
(NAa +N
B
a )L5[ρ] +
γ
2
(NAa + 1)L6[ρ] +
γ
2
(NBa + 1)L7[ρ], (27b)
D
(p)
b [ρ] =
γ
2
NAb L1[ρ] +
γ
2
NBb L2[ρ] +
γ
2
(NAb + 1)L3[ρ] +
γ
2
(NBb + 1)L4[ρ], (27c)
D
(c)
b [ρ] = −
γ
2
(NAb +N
B
b )L5[ρ]−
γ
2
(NAb + 1)L6[ρ]−
γ
2
(NBb + 1)L7[ρ]. (27d)
where
L1[ρ] = 2|e〉〈g|ρ|g〉〈e| − ρ|g〉〈g| − |g〉〈g|ρ, (28a)
L2[ρ] = 2|f〉〈g|ρ|g〉〈f | − ρ|g〉〈g| − |g〉〈g|ρ, (28b)
L3[ρ] = 2|g〉〈e|ρ|e〉〈g| − ρ|e〉〈e| − |e〉〈e|ρ, (28c)
L4[ρ] = 2|g〉〈f |ρ|f〉〈g| − ρ|f〉〈f | − |f〉〈f |ρ, (28d)
L5[ρ] = |e〉〈g|ρ|g〉〈f |+ |f〉〈g|ρ|g〉〈e|, (28e)
L6[ρ] = |g〉〈f |ρ|e〉〈g|+ |g〉〈e|ρ|f〉〈g| − ρ|e〉〈f | − |f〉〈e|ρ, (28f)
L7[ρ] = |g〉〈f |ρ|e〉〈g|+ |g〉〈e|ρ|f〉〈g| − ρ|f〉〈e| − |e〉〈f |ρ. (28g)
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FIG. 4. (Color online) The steady-state coherence, QFI, and heat currents as functions of inter-cavity coupling λ and temper-
ature difference ∆T = Tb − Ta. The parameters are set as γ = 0.1ω, Ta = 0.2ω.
Accordingly, the heat currents can be defined more specifically as J
(n)
i = Tr{Dni [ρss]Hs} where i = a, b and n = p, c,
for each reservoir and for population and coherence components individually. Direct calculation yields
J (p)a = γ
(
ωAN
A
a + ωBN
B
a
)
ρssgg − γωA(NAa + 1)ρssee − γωB(NBa + 1)ρssff , (29a)
J
(p)
b = γ
(
ωAN
A
b + ωBN
B
b
)
ρssgg − γωA(NAb + 1)ρssee − γωB(NBb + 1)ρssff , (29b)
J (c)a = −γ
[
ωA(N
B
a + 1) + ωB(N
A
a + 1)
]
Re(ρcohef ), (29c)
J
(c)
b = γ
[
ωA(N
B
b + 1) + ωB(N
A
b + 1)
]
Re(ρcohef ). (29d)
It can be verified that Ji = J
(p)
i +J
(c)
i (i = a, b), which means the heat current associated with each reservoir has been
decomposed into a population component and a coherence component. The population heat currents J
(p)
a and J
(p)
b ,
dependent only on the steady-state populations, are associated with maintaining populations at the nonequilibrium
steady state away from their equilibrium values. On the other hand, the coherence heat currents J
(c)
a and J
(c)
b ,
directly related to the steady-state coherence, are associated with maintaining nonvanishing quantum coherence at
the nonequilibrium steady state. It is only this part of the heat current that is tightly connected to the steady-state
coherence.
In Fig. 4, we contour plot the steady-state coherence (also the closely related QFI) and the heat currents as functions
of temperature difference ∆T and inter-cavity coupling strength λ. From this figure one can see that J
(p)
a < 0 and
J
(p)
b > 0 (with Ta < Tb), which means the system absorbs energy from the high-temperature reservoir and discharges
it into the low-temperature reservoir, in maintaining the nonequilibrium steady-state populations. On the other hand,
it can also be seen that J
(c)
a > 0 and J
(c)
b < 0, which means, in maintaining nonvanishing steady-state coherence,
the system absorbs energy from the low-temperature reservoir and releases it into the high-temperature reservoir. In
other words, maintaining the steady-state coherence forms an inverse heat current. However, the total heat current
associated with each reservoir, with the population and coherence heat currents combined together, still points from
the high-temperature reservoir, through the system, to the low-temperature reservoir, ensuring a positive EPR in
agreement with the second law of thermodynamics.
Moreover, one can see clearly that the coherence heat current J
(c)
a (or consider −J (c)b > 0) displays a similar pattern
to that of the steady-state coherence |ρcohef | in relation to ∆T and λ. This confirms yet again the perspective derived
from the expressions in Eq. (29) that only a part of the heat current, namely the coherence heat current, rather than
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the total heat current (including the population heat current), is closely related to the steady-state coherence (and
thus enhanced quantum metrology in the weak inter-cavity coupling regime). Therefore, the paradox mentioned in
the beginning of this section is resolved by realizing that the steady-state coherence is not so tightly connected to the
total nonequilibrium measures but only to a part of them.
VI. REMARKS AND CONCLUSION
There is a possibility that our predictions on the coherence enhanced quantum metrology may be experimentally
tested in the foreseeable future. Our scheme of optical molecule can be realized in coupled superconducting trans-
mission line cavities, which support single-mode electromagnetical field with resonant frequency ω/2pi ≈ 3GHz [49].
To construct nonequilibrium reservoirs at a temperature difference in the range of tens of mK, one can separate the
two cavities in a distance of several cm and control their bath temperatures by diluted magnetic refrigerators. The
nonequilibrium condition can also be realized by coupling cavities to reservoirs with different coupling strengths. Via
tunable capacitances, the inter-cavity coupling strength in the range λ/2pi ≈ 5 − 100MHz can be achieved [49, 50].
The heat current in this kind of solid-state systems can be quantified indirectly by measuring the thermal conductance
with the assistance of scanning electron microscope imaging [51]. The steady-state coherence can be measured using
two dimensional spectroscopy, where three laser pulses interact in the weak field limit with the sample to produce a
third-order polarization, and the cross peak in the two dimensional spectroscopy quantifies quantum coherence [52–
54]. Moreover, it has been recently proposed that, by comparing the measurement statistics of a state before and
after a small unitary rotation, the lower bounds on the QFI can be determined [55]. Therefore, there is a good chance
the theoretical and numerical results presented in this paper can be compared with experiments in the near future.
In summary, in this work we investigated the effect of coherence enhanced quantum metrology in an optical molecular
system interacting with nonequilibrium environments. The model we considered consists of a pair of coupled single-
mode optical cavities, each in contact with its own reservoir at a different temperature. We studied this model both
analytically and numerically, based on the QME beyond secular approximation. We obtained the analytical solution
to the steady state of the QME, and found that there is nonvanishing steady-state quantum coherence, which is
sustained by the nonequilibrium condition characterized by the temperature difference of the two reservoirs. We
showed that the steady-state coherence makes a positive contribution to the QFI in addition to its classical part, and
that quantum metrology quantified by QFI can be effectively enhanced by the steady-state coherence in the weak
inter-cavity coupling regime. To quantify the measures of the nonequilibrium condition on both the dynamical level
and the thermodynamic level, we investigated the curl flux driving the circulation dynamics as well as the heat current
and EPR associated with the thermal transport process, in relation to the temperature difference characterizing the
degree of nonequilibriumness. A seemingly paradoxical feature emerged that these nonequilibrium measures displayed
a contrastingly different trend from that of the steady-state coherence (and QFI in certain parameter regimes) in
relation to the inter-cavity coupling strength. By decomposing the heat current into two parts associated with
maintaining the steady-state population and coherence, respectively, we resolved the paradox by showing that the
steady-state coherence is tightly tied to only a part of the nonequilibrium measures. In addition, we had an interesting
discovery that the heat current associated with maintaining the steady-state coherence flows from the low-temperature
reservoir to the high-temperature reservoir, but this process is not in violation of the second law of thermodynamics
when the population heat current is also taken into account.
Our work provides a viable way to enhance quantum metrology with improved precision of parameter estimation
for open quantum systems, by exploiting the stable quantum coherence at the nonequilibrium steady state, at the
cost of energy supply to maintain the nonequilibrium condition. The nonequilibrium condition can be controlled and
manipulated to maximize the utility of the steady-state coherence in quantum metrology. The potential applications
of our work is not limited to the field of quantum metrology, but also extend to quantum technology in general,
including device designing and quantum computation.
Appendix A: Expressions of N and A
The normalization factor N in the analytical solution of the steady state in Eqs. (11) and (12), fixed by the
condition ρssgg + ρ
ss
ee + ρ
ss
ff = 1, has the expression
N = [(NA+ + 1)(NB+ + 1)− (NA+ +NB+ + 2)NA−NB−R]
+
[
NA+ (N
B
+ + 1)− (NA+ +NB+ + 1)NA−NB−R − (NB− )2R
]
+
[
NB+ (N
A
+ + 1)− (NA+ +NB+ + 1)NA−NB−R − (NA− )2R
]
,
(A1)
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where R is defined in Eq. (13).
The elements of the 3× 3 matrix A, defined as A =Mp −MpcM−1c Mcp, read as follows:
Agg = 2γ
[−(NA+ +NB+ ) + (NA− +NB− )(NA− +NB− )R]
Aee = 2γ
[−(NA+ + 1) +NA−NB−R]
Aff = 2γ
[−(NB+ + 1) +NA−NB−R]
Age = 2γ
[
(NA+ + 1)− (NA− +NB− )NA−R
]
Agf = 2γ
[
(NB+ + 1)− (NA− +NB− )NB−R
]
Aeg = 2γ
[
NA+ − (NA− +NB− )NB−R
]
Afg = 2γ
[
NB+ − (NA− +NB− )NA−R
]
Aef = 2γ(NB− )2R
Afe = 2γ(NA− )2R
. (A2)
Appendix B: Method of obtaining the analytical steady-state solution
One may try to obtain the steady-state solution by solving directly the set of linear algebraic equations from Eq.
(9) at the steady state (the last two equations can be excluded as they are decoupled from the rest). But the results
are too complicated in form and without clear meaning. Instead, we obtain the analytical solution using the technique
of ‘dimension reduction’, which makes the solution more manageable.
We notice that the steady-state coherence can be expressed in terms of the steady-state populations. More specifi-
cally, at the steady state Eq. (9d) leads to
ρcohef =
(NA− +N
B
− )ρ
ss
gg −NA−ρssee −NB− ρssff
(NA+ +N
B
+ + 2) + i(ωA − ωB)/γ
. (B1)
Thus we only need to solve the steady-state populations, which are determined by Aρssp = 0 [see Eq. (21)], where A
is a 3× 3 matrix with its elements given in Eq. (A2).
It is easy to check that each column of A adds up to zero (a property associated with probability conservation),
indicating that its determinant is zero. For a generic 3 × 3 matrix with such a property, it can be directly verified
that ρssp with the following form
ρssp =
1
N

A22A33 −A23A32A31A23 −A21A33
A21A32 −A31A22

 (B2)
satisfies Aρssp = 0. In the above, N is a normalization factor and the matrix element subscripts 1, 2, 3 correspond to
g, e, f , respectively, in our particular system. Typically, physical conditions ensure that the steady state is unique
up to normalization (mathematically this means the rank of A is 2); then ρssp above will be the only steady-state
solution, up to normalization.
Inserting the expressions of the matrix elements in Eq. (A2) into Eq. (B2) and fixing the factor N by the probability
normalization condition ρssgg+ρ
ss
ee+ρ
ss
ff = 1, we obtain the steady-state populations. Then the steady-state coherence
is calculated according to Eq. (B1). Eventually, we reach the steady-state solution given in Eqs. (11) and (12).
The above approach can be extended to more general scenarios. Consider the QME in the vector-matrix form
M|ρss〉 = 0. The steady-state coherence can be expressed in terms of the steady-state population by ρssc =
−M−1c Mcpρssp , resulting from the coherence component of Eq. (20) at the steady state. The steady-state popu-
lations are determined by the equation Aρssp = 0 [Eq. (21)] with reduced dimension. Assuming that the solution ρssp
is unique up to normalization (i.e., the rank of A is n − 1), ρssp can be obtained as follows. Choose any row of A,
say the first row, with the elements (A11, · · · ,A1i, · · · ,A1n). Then the i-th component of ρssp is proportional to the
cofactor (signed minor) of A1i. The form in Eq. (B2) is an example of this rule. After obtaining ρssp one can then
calculate ρssc , thus obtaining the full steady-state solution. As the dimension increases, however, analytical solutions
quickly become impractical even with this dimension reduction technique.
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